Recently, we have demonstrated that some subsolutions of the free Duffin-Kemmer-Petiau and the Dirac equations obey the same Dirac equation with some built-in projection operators.
Introduction
Recently, several supersymmetric systems, concerned mainly with anyons in 2+1 dimensions [1, 2, 3, 4, 5] as well as with the 3+1 dimensional Majorana-DiracStaunton theory [6] , uniting fermionic and bosonic fields, have been described. Furthermore, bosonic symmetries of the Dirac equation have been found in the massless [7] as well as in the massive case [8] . Our results derived lately fit into this broader picture. We have demonstrated that some subsolutions of the Duffin-Kemmer-Petiau (DKP) and the Dirac equations obey the same Dirac equation with some built-in projection operators [9] . We shall refer to this equation as supersymmetric since it has bosonic (spin 0 and 1) as well as fermionic (spin 1 2 ) degrees of freedom. In the present paper we extend our results to the Dirac equation in external longitudinal fields.
The paper is organized as follows. In Section 2 the Dirac equation as well as conventions and definitions used in the paper are described shortly. In the next Section the Dirac equation in the interacting case is splitted into two subsolutions equations -Dirac equations with built-in projection operators. We demonstrate that this is possible in the case of longitudinal potentials. In Section 4 variables are separated in the subsolutions equations to yield 2D Dirac equations in x 0 , x 3 subspace and 2D Pauli equations in x 1 , x 2 subspace and in the last Section we discuss the emerging picture.
The Dirac equation
In what follows tensor indices are denoted with Greek letters, µ = 0, 1, 2, 3. We shall use the following convention for the Minkowski space-time metric tensor: g µν = diag (1, −1, −1, −1) and we shall always sum over repeated indices. Fourmomentum operators are defined as p µ = i∂ µ , ∂ µ = ∂ ∂xµ where natural units have been used: c = 1, = 1. The interaction is introduced via minimal coupling, π µ = p µ − qA µ with a four-potential A µ and a charge q. In the present paper we shall consider a special classes of four-potentials obeying the condition:
where [X, Y ] = XY − Y X is a commutator. The condition (1) is fulfilled in the abelian case for
This is the case of longitudinal potentials, nonstandard but Lorentz covariant, for which several exact solutions of the Dirac equation were found [10] . The Dirac equation is a relativistic quantum mechanical wave equation formulated by Paul Dirac in 1928 providing a description of elementary spin 1 2 particles, such as electrons and quarks, consistent with both the principles of quantum mechanics and the theory of special relativity [11, 12] . The Dirac equation is [13, 14, 15] :
where m is the rest mass of the elementary particle. The γ's are 4 × 4 anticommuting Dirac matrices:
µν I where I is a unit matrix. In the spinor representation of the Dirac matrices we have:
where σ j are the Pauli matrices, σ 0 is the unit matrix. The wave function is a bispinor, i.e. consists of 2 two-component spinors ξ, η: Ψ = (ξ, η)
T where T denotes transposition of a matrix.
Splitting the Dirac equation in longitudinal external fields
The Dirac equation (3) can be written in spinor notation as [14] :
where π AḂ is given by:
and π 11 = π 22 , π 12 = −π 21 , π 21 = −π 12 , π 22 = π 11 (for details of the spinor calculus reader should consult [14, 24, 25] ). Obviously, due to relations between components of π AḂ and π CḊ the equation (5) can be rewritten in terms of components of π AḂ only. Eqn. (5) corresponds to (3) in the spinor representation of γ matrices and Ψ = ξ 1 , ξ 2 , η1, η2 T . We assume here that we deal with four-potentials fulfilling condition (1) . In this Section we shall investigate a possibility of finding subsolutions of the Dirac equation in longitudinal external field, analogous to subsolutions found for the free Dirac equation in ( [9] ). For m = 0 we can define new quantities:
where we have:
In spinor notation ξ
. The Dirac equations (5) can be now written with help of Eqns. (9), (10) as (we are now using components π AḂ throughout):
It follows from Eqns. (7), (8) and (1) that the following identities hold:
Taking into account the identities (12), (13) we can decouple Eqns. (11) and write it as a system of the following two equations:
System of equations (14), (15) , is equivalent to the Dirac equation (5) if the definitions (9), (10) are invoked. Due to the identities (12), (13) equations (14), (15) can be cast into form:
Let us consider Eqn. (16) . It can be written as:
where P 4 is the projection operator, T . There are also other projection operators which lead to analogous three component equations, P 1 = diag (0, 1, 1, 1), P 2 = diag (1, 0, 1, 1), P 3 = diag (1, 1, 0, 1) . Acting from the left on (18) with P 4 and (1 − P 4 ) we obtain two equations:
In the spinor representation of γ µ matrices Eqn. (19) is equivalent to (14) while Eqn. (20) is equivalent to the identity (12), respectively. Now, the operator P 4 can be written as
(similar formulae can be given for other projection operators P 1 , P 2 , P 3 , see [25] where another convention for γ µ matrices was however used). It thus follows that Eqn. (18) is given representation independent form. We note that Eqn. (18) is Lorentz covariant and equation (17) can be obtained from (16) via charge conjugation, see Ref. [9] where subsolutions of form (18) were obtained for the free Dirac equation.
Let us note finally, that Eqn. (17) can be alternatively written as
where
Separation of variables in subsolutions equations
It is possible to separate variables in Eqns. (14), (15) exactly as described in [10] . Substituting ξ 1 (1) and ξ
2
(1) from the first two equations into the third in Eqn. (14) we get:
Taking into account definition of π AḂ and property (2) we obtain:
To achieve separation of variables we put:
We now substitute Eqn. (24) into (23) to get:
where λ 2 1
is the separation constant and we note that equations. (27a), (27b) are analogous to Eqns. (12.15), (12.19) in [10] .
Combining now Eqn. (27a) with the first of Eqns. (14) we obtain:
while combining Eqn. (27b) with the second of Eqns. (14 ) we get equations:
which can be also written as the Pauli equation:
Discussion
We have shown that the Dirac equation in longitudinal external fields can be splitted into two subsolutions equations, (18), (21) , which are Dirac equations with built-in projection operators. These covariant equations describe a particle and an antiparticle, respectively, as follows from Eqns. (23), (32), see also [9] and references therein. Next we have separated variables in subsolutions equations obtaining Dirac equations in 1 + 1 dimensions (31), (36) and 2D Pauli equations (30), (35). These equations lead to the picture of a particle / antiparticle moving with effective mass along the x 3 axis in external electric field, transversal degrees of freedom interacting with external magnetic field.
